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Uncertainty

Notations (1/6)

Decision

» Discernment frame: © = {61,...,0,}, whith 0; are exclusive
and exhaustive classes

> Power set: 2 = {0, {61}, {62},{01 Ubs},..., 0}
» Extension of 2€ to D@, hyper power set in order to model the

conflicts
» DO closed set by union and intersection operators
» DP: reduced set with constraints o
(62N 05 =0)
03 02
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Conjunctive rules (%/9)

» Assume: two cognitively independent and reliable sources .S
and Ss.

» The conjunctive rule is given for m; and mo bbas of Sy and
S, for all X € 29, with X # ) by:

MConj(X) = Z m1(Y1)ma(Y2) (1)
YiNYa=X

0 01 0y | 03 (C]
mp | O 05|01 ] 0 | 04

0

3

0.2 0 |05]| 03
321033 |0.03|0.2]0.12
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Uncertainty

Dempster’s rule /9

» Dempster’s rule:

mD(X) = ﬁmConj (X) (2)

where k = Z m1(A)may(B) is generally called conflict or

ANB=()
global conflict. That is the sum of the partial conflicts.

» That is not a conflict measure (Liu, 2006).

» Conjunctive rules are not idempotent

.
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Idempotence (4/6)
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Uncertainty

Idempotence (4/6)

0 01 02 03 ©

m 0 07 102|010
mso 0 07 1020110
mp 0 |091|007]002|0
MConj | 0.46 | 0.49 | 0.04 | 0.01 | O

The mass on the empty set obtained by the combination of two
identical bbas is not null.

.
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Discounting /%)

From (Shafer, 1976):
m$(X) = aym;(X), VX € 2°
m(0) =1 —a;(1 —m;(0))

a; € [0, 1] discounting coefficient can be seen as the reliability of
the source S

If aj = 0 the source are completely unreliable, all the mass is
transfered on O, the total ignorance

The discounting process increases the intervals [belj,plj}, and so
reduces the global conflict in the conjunctive combination rule.

.
&:IRISA
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Confusion in conflict (6/6)

» Many measures are called conflict in the theory of belief
functions but are not conflict

» The global conflict contains an indication of the conflict
between bbas, but not only

» Some terms such as internal conflict, discord, contradiction
are not conflict

» Some uncertainty measures such as entropic measures can be
sometimes called conflict, but are not conflict

.
&:IRISA
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(1/8) Uncertainty

Uncertainty measures

Decision

» From belief functions (belief, plausibility, etc.), one can define
many uncertainty measures

» Kilir (1994) makes out

» the non-specificity measures: quantify the imprecision of a
mass function

> the discord measures: quantify how a mass function is not
agree with its self

&:IRISA
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(2/8) Uncertainty

Non-specificity measures

The non-specificity of a subset X: log,(|X|) (Hartley (1928))
This was generalized by Dubois and Prade (1985):

NS(m) = Y m(X)logy(|X]). (3)
Xe29, X£0)

If the measure of non-specificity is weak, one can consider the
mass function as specific.
Yager (1983) defines a specificity measure by:

sm= Y "N (4)

X€20, X£0 X1

&:IRISA
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(3/8) Uncertainty

Uncertainty degree

Problem: the non-specificity measures are define in [0,logy(|0])]
Smarandache, Martin and Osswald (2011): non-specificity degree

. oy osXD
5NS(m) - X€2;X$® (X)10g2(|@|)‘ (5)

We have dng(me) = 1, where mg is the categoric mass of total
ignorance and dng(m) = 0 for Bayesian masses.

Specificity or Bayesianity degree (i.e. the proximity with a
probability):

I ey loma(1X))
i : XEQ;X;:‘% (X)IOgQ(\@D. (6)

dp(m) =1 for each Bayesian mass.
&:IRISA
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(4/8) Uncertainty
Uncertainty degree: illustration Modeling

Table: © = {01,04,05}

m1 | mg | ms | mg | ms | mg | me
01 04 | 03| 01 |03
02 01| 01| 03 ]01
05 01|01 ] 01|01 0 0
f1Ub; | 03 | 0.3 | 05 0 0.6 | 0.6
f1Uds | 0.1 | 0.2 0 0 0.4 0
0y U 05 0 0 0 0 0 0
e 0 0 0 0.5 0 0.4

OB 0.75 | 0.68 | 0.68 | 0.5 | 0.37 | 0.23

ONS 0.251032|032|05|063]|0.77
&:IRISA
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(5/8) Uncertainty
Discord measures Modeling

Some discord measures based on the Shanon (1928) entropy:

E(m)=— > m(X)logy(pl(X)), (7)
Xe2@

C(m) =~ Y m(X)logy(bel(X)), (8)
Xe20

D(m) ==Y m(X)log,(betP(X)), 9)
Xe20

with E(m) < D(m) < C(m).

&:IRISA
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(6/8) Uncertamty

Discord measures

Shannon entropy on the pignistic probability:

— ) betP(X)logy(betP(X)). (10)
Xe20

One can summarize them by:
— ) m(X)logy(1 — Conyp (X)), (11)
Xe20

where Con is called conflict measure of the mass function m on X.
That is not a conflict measure but a discord measure

.
&:IRISA
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(7/8) Uncertainty

Discord/conflict

Decision

Definition The discord in the theory of belief functions quantifies
how a mass function contradicts itself.

Definition The conflict in the theory of belief functions can be
defined by the contradiction between two or more mass functions.

.
&:IRISA
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(8/8) Uncertainty

Auto-conflict: a discord measure

Introduced by Osswald and Martin, 2006, the auto-conflict of order
s for one expert is given by:

as = (@ym) (0). (12)

where @) is the conjunctive operator.

et s
The following property holds: : -~
as < s E
lim as =1 if m is not consonant =
s—+o0 B
The global conflict must be T T Tk
weighted with the auto-conflict. Mean of auto-conflict for

generated bbas

Another discord measure is given by the internal conflict of
Schubert (2012).

.
&:IRISA
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Uncertainty

Outline

Uncertainty measures
Modeling conflict

Managing conflict

Ll A

Decisions with conflicting bbas

&:IRISA

Conflict modeling and managment, A. Martin

INSTITUT DE RECHERCHE EN INFORMATIQUE ET SYSTEMES ALEATOIRES

17/56
T




Conflict origins (1/11) Modeling

» The sources are not reliable:
reliability and conflict are very linked in this case

» The discernment frame is not exhaustive:
the closed world assumption must be avoid

» The sources do not express on the same phenomena:
bbas must not be combined

Let note Conf(m,m2) a conflict measure between the mass

functions mq and ms.

&:IRISA
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Conflict measures (e Wil

» Based on the global conflict coming from the conjunctive rule:

Conf(m1,ma) = mconj() (point of view of Smets (2007))
Conf(mi,ma) = —In(1 — mconj(0)) Yager (1983)

» pros: Conf(m;,me) =0
where mg(©) = 1 is the total ignorance
> cons:

1. Conf(mi,m1) # 0 because of the non-idempotence

2. Mmconj(P) contains a part of the auto-conflict of m; and m2

3. The conjunctive rule needs the independence assumption
between the sources: There is no reason to get a link between
independence and conflict

&:IRISA
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Conflict measures (i) Mzl

» Based on distance:
Conf(m1, mg) = d(my, mg) (Martin et al., 2008)
Conflict between an expert S; and the s — 1 other experts is
given by the the mean of conflicts two by two:

Conf(mj, meg) = Py Z Conf(j, e (13)
e=1l,e#j

Another definition is given by: Conf(m;,ms) = d(m;, mg)
where mg is the bba of the artificial expert build by the
combined bbas of the s — 1 other experts of £ without the
expert S;.

» pros: Conf(my,m;) =0

» cons: Conf(mi,meg) # 0

.
&:IRISA
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Digression on distances (4/11) Modeling

The Jousselme et al. (2001) distance can be done by:

d(myi, mso) = \/;(ml —my)"D(m; —my),

where D is an 2191 2181 matrix based on Jaccard dissimilarity

1,ifA=B =0,
D(A,B) =
’ |AN B o
VA, B € 2°.
Ao U E

Distance based on plausibility (Jousselme and Maupin (2011)):

d(my,mg) =1— prllfHW’ where pl is the plausibility function and
pllT.pIQ the vector product in 2" space of both plausibility
functions.

&:IRISA e i s i
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Towards efficient conflict measures (@) Wikl

Inclusion (Martin (2012))

Definition 1: strict We say that the mass function my is included
in mgy if all the focal elements of mq are included in all focal
elements of ms.

Definition 2: light We say that the mass function m; is included
in mq if all the focal elements of my are included in at least one
focal elements of ms.

Definition We note this inclusion by mq, C mo. The mass
functions are included if m1 is included in ms or ms is included in
mi.

We will define a degree of inclusion.

&:IRISA
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AXiomS (6/11) Modeling

1. Non-negativity: Conf(mi, mg) > 0 A negative conflict does
not make sens.

2. ldentity: Conf(mqi,m1) =0

3. Symmetry: Conf(m;, ma) = Conf(msa, m1)

The conflict measure must be symmetric.

4. Normalization: 0 < Conf(mj,mg) <1
Not necessary, but the normalization is very useful in many
applications of conflict measure.

5. Inclusion: Conf(mi,mg) =0, iif m; C mgy or mg C my
This axiom means if the focal elements of two mass functions
are not conflicting (the intersection is never empty), the mass
functions are not in conflict and the mass functions cannot be
in conflict if they are included.

Very similar to the axioms proposed by Destercke and Burger (2012).
©:IRISA T —
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(7/11) Modeling

Degree of inclusion

» Inclusion index: Inc(X1,Y2) =1if X7 C Y, and 0 otherwise,
where X7 and Y5 are two focal elements of mq and my
respectively

» Strict degree of inclusion of my in my:

dines (M1, ma) = = Y Ine(Xy,Y2)  (14)

|f1 | ’]:2’ X1€F1 YoeF

where F; and F5 are the set of focal elements of m; and mo
respectively, and |Fy|, |F2| are the number of focal elements
of my1 and mso.

> Light degree of inclusion of my in my:

1

. = Inc(Xy,Ys 1

dzncL(m17m2) ‘Jrl‘ = 3%1683}:(2 nc( 1, 2) ( 5)
1€F1

.
&:IRISA
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Degree of inclusion (8/11) Modeling

Let dinc(mi, m2) a degree of inclusion of m; and mgy define by:

dinc(mi,ma) = max(dine(mi, ma), dine(ma, my)) (16)

This degree gives the maximum of the proportion of focal elements
from one mass function included in another one.

dinc(mi,mg) = 1 if and only if my and my are included, and the
axiom of inclusion is reached for 1 — §;,c(m1, m2).

.
&:IRISA
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Conflict measure (i) Wikl

We define a conflict measure between two mass functions mq and
mso by:

Conf(mi,ma) = (1 — dipc(my, ma))d(my, ma) (17)

where d is the distance.

All the previous axioms are reached.

For more than two mass functions, the conflict measure between
one expert i and the other M — 1 experts can be defined by:

1 M
o1 Z Conf(i, ), (18)
J=Li#]

Conf (i, £) =

where £ = {1,..., M} is the set of experts in conflict with i.

&:IRISA
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Hlustration (10/11) Modeling

Comportment of the proposed conflict measure

We have: Conf(mi,m1) =0, Conf(m;, mg) =0 and even: if m;
and my are included then Conf(mi, mg) =0,
Example

m1(91) = WLl(GQ) = m1(01 U6y U 93) = 1/3,
m2(91 UHQ) = m2(91 U 6y U@g) = 1/2.

On this example, d(my, mg) = 0.3727.
dines(mi,ma) = diner,(m1,m2) = 1 and dipes(ma, mi) = 0.17,
diner,(ma,my) = 0.5, therefore d;pc(m1, ma) =1 and
Conf(my,ma) =0
Note:
> dincs(mi,m1) = 0.56, we only have djncs(m,m) =1 if m is
categoric (m(X) =1, X € 29).
> dmcL(ml,ml) =1, dmcL(m,m) =1Vm.
EEIRIESA seescamesnesmoeamis —
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Hlustration (11/11) Modeling

» Example:
m3(03) = M3(91 Ul U 93) = 0.5.

We have dincs(mi, ms) = dines(ma, ms) = 0.5, but
Conf(my,m3) = 0.3815 and Conf(mg, m3) = 0.3571. Hence,
we obtain:
Conf(mq,m3) > Conf(m1, mg) + Conf(mz, m3). ms reduce
the conflict between mq and ms.
Note: dmcL(ml,mg) = dmcL(mg,mg) =1 then
Conf(mq,m3) = Conf(msg, msg) =0

» Maximum of conflict: m4(61) =1, ms(62) = 1:
Conf(mg,ms) = 1.
That means the most conflicting mass functions are two
different categorical mass functions.

&:IRISA
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Reliability estimation

(1/14) Managing

Decision

If the conflict comes from unreliable sources: reliability estimation
Assumption: a source is unreliable if it is in conflict with the
other sources

Reliability measure: such as a decreasing function of the conflict
measure

a; = f(Coni(j,s))

a; = (1 — Conf(j,s)") 1/ 4 T

Integration of the reliability e \\\
measure by discounting LI \
m$(X) = aym;(X), VX € 20 .
m2(0) =1 - ay(1 — m,(©)) g

&:IRISA
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Uncertainty

Managing the conflict in the combination Modeling

(2/14) Managing

Decision

Zadeh example

(b 91 92 93 C) Decision
mi 0 |09 0 |01 0 01
mo 0 0 09010 02
mp 0 0 0 1 0 93
MConj | 0.99 | 0 0 [001]O 03
betP 0 0 0 1 0 03

Solutions
» Suppress the global conflict: disjunctive rule
» Suppress the auto-conflict: idempotent rules
» Assumption of exhaustive discernment frame false: work in
open world or add an element

» Transfer the global/partial conflict
&:IRISA
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Rules transferring the conflict e,

» Transferring the global conflict
» Global conflict is coming from the ignorance: Yager's rule
» Transferring by a weighted function: Inagaki and Lefévre's rule
» Change the comportment of the rule according to the global
conflict: from the disjunctive to the conjunctive (Florea)

» Transferring the partial conflicts
» Partial conflict comes from the partial ignorance: Dubois and
Prade's rule
» Proportional redistribution of partial conflict according to the
elements that generate it: PCR

.
&:IRISA
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Uncertainty

Yager (1987) rule Mod

g
(4/14) Managing

Decision

» Assumption: the global conflict comes from the ignorance
» Stay in closed world

» The mass of the empty set is transfered on the global
ignorance ©

le<X) = mConj(X);VX €29« {@, @}
mY(Q) - mConj(@) + MConj (@>
my(@) = 0.

.
&:IRISA
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Inagaki (1991) and Lefevre (2002) rules

(5/14) Managing

» Stay in closed world

» Propose a global conflict transfer in a general way according
to a weighted function.

» The rule is given YX € 29 by:
mc(X> = M Conj (X> + w(X)mConj (®)7

where Z w(X) =1
Xe20
» The matter is the choose of the thresholds w(X).

.
&:IRISA
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Florea (2006) rule

(6/14) Managing

» Stay in closed world

» Propose a global conflict transfer in a such way more the
global conflict is high more the rule have a disjunctive
comportment.

» The rule is given VX € 29, X £ () by:

mr1o(X) = B1(k)mpis(X) + B2(k)mconi(X),

1
where 51 and 35 have k = 3 like a symmetric weight:

k
ﬁl(k):W7
k)= —~ .
Blb) =T

» We have seen that 1/2 cannot be the symmetric value of the
global conflict
» Other weights are proposed
:IRISA T —
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Dubois and Prade (1988) rule

(7/14) Managing

» Assumption: Partial conflict comes from the partial ignorances
» The partial conflict are transfered on the partial ignorances

» Mixed rule: compromise between conjunctive and disjunctive
rules

mpp(X) = > mi(A)ma(B)
ANB=X

+ Y mi(A)ma(B).
AUB=X
ANB=()

» Precise transfer of the conflict

» Algorithm complexity higher

&:IRISA
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Uncertainty

Mixed rule Modeling

(8/14) Managing

Decision

» General distribution of partial conflict
» (Martin et Osswald, 2007): Mixed rule

maix(X) = ) sima(Yi)ma(Ya)
ViUYs=X (19)

+ Z dom1(Y1)ma(Y2)
YiNnYso=X

» Dubois and Prade’s rule
01(Y1,Y2) = 1 — 62(Y1,Y2) = Iy;nyy—p
and Florea’s rule can be seen such as a particular case

.
&:IRISA
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Mixed rule: taking into account the specificity

(9/14) Managing

The choice of ;1 = 1 — d2 can be given from a dissimilarity
measure such as:

Y1 NYs|
(Y1, Y :1——,' 20
1( 1 2) mln(\Y1|,|Y2\) ( )
or from the Jaccard’s dissimilarity:
Y1 N Y|
82(Y1,Ys) =1— RAARRE] 21

» If Y1 NY5 = 0: partial conflicts can be interpreted such as
partial ignorances

» If Y1 NYs ¢ {Y1,Ys,0}: transfer on Y1 NY; and Y7 U Y,
according to 01 and 67

.
&:IRISA
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The PCR6 (Martin et Osswald, 2006, 2007)

Decision

This rule transfers the partial conflicts on the elements that
generate it, proportionally to their masses.

m1(X)%2ma(Y) ma(X)%2m1(Y) )
mi(X)+ma2(Y) ma(X)+mi(Y) (22)

MPCRE (X) = MConj (X) + Z (

ye2®,
XNy =0
. H Mo Vo G7))
mpcre(X) = mcon;(X) +Z mi(X)? > ;
j=1 jaly (grynx=0 7nJ(X)+Zm (J)(Y7(J))
J'=1
Vo) Y”j(ﬂf 1))€(29)s!
0 01 62 01 U 02 03 61 U 03 62 U O3 (C] Decision
mp 0 0 0 0 1 0 0 0 03
MConj 0.99 0 0 0 0.01 0 0 0 03
mpp 0 0 0 0.81 0.01 0.09 0.09 0 03
mpore | O | 0.486 | 0.486 0 0.028 0 0 0 | 61 ou 03

©:IRISA
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Taking into account a local reliability

(11/14) Managing

(Martin and Osswald, 2007): discounting PCR, DPCR
Redistribution of the partial conflict proportionally on elements
implied in the partial conflict and on the partial ignorance
according to a discounting factor: « € [0, 1].

mppcr(X) = Mconj (X ) (X)2ma(Y) (X)2my (Y)
mo Y mo X mi Y
oYL X)+ma(Y) T mz(X)+m1(Y)>

Y €29,

XNy =0 (23)
+ ) (= a)mi(Y)ma(Ya)

YiUYo=X

YlﬂYQZ(Z)

» If Y1 NY5 # (: conjunctive comportment

» If Y1 NYy = 0: transfer on Y7, Y3 and Y1 U Y5
©:sIRISA T ——
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Uncertainty

Estimation of the local reliability Modeling

(12/14) Managing

Decision

1
Local conflict: defined on (2°)* and takes values in [07 }
S

> 1y (Y NY)

—
(Y1,..,Ys) =2 24
fith s) s(s—1) (24)
Local reliability:
S
a1, Ye) =1-> f(V1,...Ys) (25)
j=1
&:1RISA T EE—————
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Uncertainty

Estimation of the local reliability Modeling

(12/14) Managing

Decision

1
Local conflict: defined on (2°)* and takes values in [07 }
S

E ]{@}(leﬂY})
—~
fi(Y1,.., V) =2

s(s—1) (24)

Local non-conflict: defined on (2°)° and takes values in
1

i
S s

a](ﬁa)ﬂ)ziifj(ylvuifs): —

.
&:IRISA
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Taking into account reliability and specificity

(13/14) Managing

(Martin et Osswald, 2007): mixed and discounting PCR,
MDPCR

mmppCoRr(X) = > dma(Y1)ma(Ya)
YiUYp=X,
Y1NYa#0D
—+ Z (1 — d)ﬁll(yl)Tng(Yg)
YiNYa=X,
Y1NYo#0 (26)
m1(X)2ma(Y)  ma(X)2my(Y)
S "‘<m1<x>+m2<Y)+m2<X>+m1(Y>>

Ye2©,

XNy=0
+ > (= ami(Y)ma(Ya)

Y1UY=X

Y1NYo=0

» If Y1 NYsy =0: transferon Y7, Ya et Y1 U Y,

» If Y1 NYs ¢ {Y1,Ys,0}: transfer on Y1 NY; and Y7 U Y,
&:IRISA
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What to do to manage the conflict? B

» First, if you have any reliable information on the reliability of
the sources: discount the bas.

> If there is still global conflict: choose an appropriate rule to
manage this conflict.

» There is no an optimal rule local for any application.

1. Choose the rule according to the needed properties (reliability,
idempotence, independence, complexity, etc.)
2. Try some rules and choose the best for your application

.
&:IRISA
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Uncertainty

Decisions with conflicting bbas

(1/6) De‘cision

» Another point of view: do not manage the conflict and keep it
until the decision

» That is the point of view of Smets with the use of the
conjunctive rule and the pignistic probability for the decision.

» Other idea: keep all the partial conflicts during the
combination rule:

» Hyper power set D€ = {01 N 05,01, 04,60, U6}, if

O = {91, 92} 01
» D9: reduced set with constraints
03 02

.
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Uncertainty

Decision Mot

Mane g
(2/6) Decision

> In general the decision is made on © and not on 2°

» Pessimist: maxgeg bel(0)
» Optimist: maxyee pl(0)
» Compromise: maxgee bet P(0)

Pignistic probability:

IXNY|] m(Y)
betP(X) = 27
(X) > ) (27)
Y €29, #0
Cm(XNY
GPT(X)= Y Mm(}/) (28)
Cm(Y)
YeD® ) Y£)
where C((X) is the cardinality X of D?
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Decision on the unions

(3/6) Decision

» Decision on 2°©

» The decision functions f; (belief, plausibility, pignistic
probability, etc.) increase by inclusion (Appriou, 2005)

A = argmax (mq(X) fa(X)),
Xe20

where

= (52)

with r € [0,1], is a weighted factor of the waited precision of
the decision:

r = 1: singleton,

r = 0: ignorance
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Decision process

(4/6) Decision

(Martin et Quidu, 2008) decision process:

1. Reject the elements not in the learned classes
(Le Hégarat-Mascle et al. 1997)

{ bel(6y) = max bel(6;)

<i< (29)
bel(64) > bel(09)
2. Decision on 2° on the non-rejected elements

The decision functions fy (belief, plausibility, pignistic
probability, etc.) increase by inclusion (Appriou, 2005)

— argmax (m m = KdAX
A = argmax (ma()fa(X)) . ma(X) = (X ) (30)

r € [0,1], » = 1: singleton, » = 0: ignorance
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Uncertainty

Decision in presence of conflict Mod

Managing
(5/6) Decision

Example

Sand
Rock
Rock OR Sand

Rock AND Sand

Wreck or object
Data GESMA

.
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Uncertainty
o

Decision on conflicting bbas

(Martin, 2008): decision on D® ! P
> on D? Z (62 102) U8 N03)U (8, 185)
A = argmax (mq(X) fa(X)) 2, 0o o,
XeD® 1%3
K\ S
) = () ]
> On D a SUbset Of D® v 2 4 B 8 ) 10 12 14 16 18 20
A= argmax (Tn/d(X)fd(X)> Elsments de D
XeD "

such as the cardinality

D:{XEDS); ming <Cp(X) < maxc} Y ,//

%

03
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Take care of conflict

» Model the conflict correctly
» Suppress the conflict
» Manage the conflict in the combination rule

» Keep the conflict until the decision step

.
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