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Decision is everywhere
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Questions you may have answer to after the talk

e How should | decide given my uncertainty?

e Do | want a unique recommendation, or just filter out bad decisions?
o What are the pros and cons of the different options?

o When do these problems become (even more) complex?
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o Probabilities
o Ignorance, complete order
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e Decision with belief functions

e Overview of other (advanced) topics
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Decision setting

o Still a set & of states
e A set o«f of actions

e To each action a: & — R corresponds a mapping such that a(x) is
the reward/utility of performing a when x is true

e An uncertainty formalism modelling our knowledge about X

Decision problem (here): recommend one or multiple actions based on
our knowledge about the states in &

Severe uncertainty reasoning %
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An example

What we see when walking at night

e States: the kind of animal
e Actions: what you choose to do

Severe uncertainty reasoning %
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States &

x1 =(L)ioness xo =(P)Juma x3=(C)at x4=(O)celot

Actions «f
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States &

x1 =(L)ioness xo =(P)Juma x3=(C)at x4=(O)celot

Actions «f

a» =(S)hout a3 =(D)o nothing

Severe uncertainty reasoning
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The matrix %

| L P C O

R| 7 -33 5
S| -10 4 4 11
D| -5 -5 5 7

Which action to choose?

Severe uncertainty reasoning @
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A quick reminder of expected utility

o Set of states &
o Probability masses p(x) for each state
e Act/decision a maps each state to a utility

a:-x—-R

Expected utility of a

E(a) = p(x)a(x)

X

Severe uncertainty reasoning @
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An easy decision rule

One possible interpretation: E(a) is your price/value' of act a, then

a> b if and only if E(a) > E(b)

that is, you would "spend" more to buy a than b.

"In a linear utility. Quique, que es muy elegante y intelligente, explained it yesterday.

Severe uncertainty reasoning
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Three important guys

L. Savage [24] J. Von Neumann [26] B. De Finetti [16]

All justify probabilities (and expected utilities) as uncertainty models without frequencies.
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This looks like a big animal, so more a puma or lioness than a cat or
ocelot (P(L)=P(P)=0.3, P(C)=P(0)=0.2)

L P C O |Ea)
R 7 -3 3 5|28
S -10 4 4 11
D -5 -5 5 7
Max

E(R)=0.3-7+0.3--3+0.2-3+0.2-5=2.8

Severe uncertainty reasoning @
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Probabilities Ignorance, complete order Igno

An example

This looks like a big animal, so more a puma or lioness than a cat or
ocelot (P(L)=P(P)=0.3, P(C)=P(0)=0.2)

L P C O|EKa
R 7 -3 3 5| 28
S -10 4 4 11| 1.2
D -5 -5 5 7 |-06
Max 2.8
R >E S >E D

Severe uncertainty reasoning @
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Urns and balls: case 1 [13]

9 balls, 3 are reds, 6 remaining are either yellow or black

What would you choose between A and B?

A B
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 | 0% 0$ 0$ | 100$ 0$

Severe uncertainty reasoning @
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Urns and balls: case 2

9 balls, 3 are reds, 6 remaining are either yellow or black

What would you choose between C and D?

C D
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 100% 0% 100 $ 100%

Severe uncertainty reasoning @
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Ellsberg or probabilities?

9 balls, 3 are reds, 6 remaining are either yellow or black

A B
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 0% 0% 100 $ 0%

C D
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 100% 0% 100 $ 100%

Most people: Prefer Ato B, and Dto C

But E(A) =100P(R) >E(B)=100P(B) = P(R) > P(B),

and E(D)=100(1-P(R))>E(C)=100(1 - P(B)) = P(B)> P(R)
o A clear contradiction!

Severe uncertainty reasoning %
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Probabilities Ignorance, complete order Ignorance, partial orders

A first important conclusion

One cannot both think that
e decision theory should account Ellsberg experiment and;
e use only probability and expectation as a decision tool.
At least two solutions offered to you:
o Declare that most people are irrational and that probabilities are
right — this was probably not the right school for you?

o Try to relax probability theory to account for the observations — path
we will take with a (late) focus on belief functions

Severe uncertainty reasoning %



Decision with extreme cases Ppics SR
Ignorance, complete order : heudiasyc

Outline

e Decision with extreme cases
o Probabilities
o Ignorance, complete order
o Ignorance, partial orders

e Decision with belief functions

e Overview of other (advanced) topics

Severe uncertainty reasoning @ " ut




Decision with extreme cases Decision with belief functlons Overview of other (advanced§

Probabilities  Ignorance, complete order lgi

heudiasyc

Maximin: pessimistic behaVIour

e For each action a;, compute E(&;) = minycar ai(X))

e Say that ax >um ar if E(ak) > E(ar)
L P C O |Ea)

R 7 -3 3 5| -3
S| -10 4 11| -10
D -5 -5 -5

Max @

e We get R>ym D>ym S, hence R is recommended
e Pessimistic attitude: best action in the worst case

Severe uncertainty reasoning %
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Why (not) maximin?

heudiasyc

Pros:

e Provide strong guarantees on selected option

o Is very-well studied in the literature
Cons:

e Can be very conservative

e Selected option may be suboptimal in all cases
L P C O | EKa

7 -3 3 5| -3
10 4 4 11]-10
5 -5 5 7| -5
2 2 -2 -2| -2

Max @

K never the best solution!

Severe uncertainty reasoning %
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Maximax: optimistic behawour

o For each action a;, compute E(a;) = maxyea aj(X;)

e Say that ax >y ay if E(ak) >E(ag)
L P C O|Ka)

7 -3 3 5| 7

R
® | -10 4 4 11| 11
D 5 -5 5 7| 7

Max @

o We get S>uyp D=y R, hence S is recommended
o Optimistic attitude: best action in the best case

Severe uncertainty reasoning %
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Why (not) maximax?

Pros:
o Often computationally easier (max/max problem)
e Solution always potentially optimal
Cons:
o May be rather bold (and in our case your last decision)
e Do not provide strong guarantees on reward

Severe uncertainty reasoning %
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In-between: Hurwicz

e Pick a value a €0, 1], called optimism index
e For a;, compute

Un(a)(a) = aE(a) + (1 - a)E(ak)

e Say that ax >4 ay if up(a)(ak) > Un(a)(ar)
L P C O|Ka) Ea) uposa)

® 7 -33 5| -3 7 2
S| -10 4 4 11| -10 11 0.5
D 5 55 7| -5 7 1

Max @

e We get B>y 05) D>H(o5) S, hence R is recommended
o Try to balance between optimistic and pessimistic

Severe uncertainty reasoning %
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Why (not) Hurwicz

Pros:
o Try to find a compromise between minimax/maximax
o Well-axiomatised
Cons:
o None of the guarantees of minimax/maximax
e All their defaults, but to a lesser extent
o Operational elicitation of a challenging

Severe uncertainty reasoning %
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Savage Minimax regret

e For action a;, compute Re(aj, X;) = maxa.e.s ak(X;) — ai(x;) the regret
of picking a; in x;, instead of the best possible action

e For a;, compute Re*(a;) = max; Re(a;, x;)
e Say that ax >pe as if Re*(ay) > Re*(a)

L P C O | Re (a)

R 7 -3 3 5
Re(R) 0

S -10 4 4 11

Re(S)

D -5 -5 5 7

Re(D)

Min

Severe uncertainty reasoning %
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Savage Minimax regret

e For action a;, compute Re(aj, X;) = maxa.e.s ak(X;) — ai(x;) the regret
of picking a; in x;, instead of the best possible action

e For a;, compute Re*(a;) = max; Re(a;, x;)
e Say that ax >pe as if Re*(ay) > Re*(a)

L P C O | Re (a)

R 7 -3 3 5
Re(R) 0 7

S -10 4 4 11

Re(S)

D -5 -5 5 7

Re(D)

Min
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Savage Minimax regret

e For action a;, compute Re(aj, X;) = maxa.e.s ak(X;) — ai(x;) the regret
of picking a; in x;, instead of the best possible action

e For a;, compute Re*(a;) = max; Re(a;, x;)
e Say that ax >pe as if Re*(ay) > Re*(a)

L P C O | Re (a)

R 7 -3 3 5
Re(R) 0 7 2 6 7

S -10 4 4 11
Re(S)

D -5 -5 5 7
Re(D)

Min

Severe uncertainty reasoning %
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Savage Minimax regret

e For action a;, compute Re(aj, X;) = maxa.e.s ak(X;) — ai(x;) the regret
of picking a; in x;, instead of the best possible action

e For a;, compute Re*(a;) = max; Re(a;, x;)
e Say that ax >pe as if Re*(ay) > Re*(a)

L P C O | Re (a)
R 7 -3 3 5
Re(R) 0 7 2 6 7
S -10 4 4 11
Re(S) 177 0 1 0 17
D -5 -5 5 7
Re(D) 12 9 0 4 12
Min

Severe uncertainty reasoning %
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Savage Minimax regret

o For action a;, compute Re(aj, X;) = maxa.es ak(X;) — ai(x;) the regret
of picking a; in x;, instead of the best possible action

e For a;, compute Re*(a;) = max; Re(a;, X;)

o Say that ax >ge ay if Re*(ay) > Re*(ak)

L P C O | Re (a)
R 7 -3 3 5
Re(R) 0 7 2 6 7
S -10 4 4 11
Re(S) 177 0 1 0 17
D -5 -5 5 7
Re(D) 12 9 0 4 12
Min 7

o We get R>pe D>pe S, hence R is recommended
o Minimize regret, but sensitive to addition of non-optimal alternatives

Severe uncertainty reasoning %
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Minimax regret vs maximin

Consider the following case:

X{ -+ Xo9 X100 R*(ai) E(a/)
a 10 --- 10 1
R(ay)
a 2 ... 9 2
R(a2)
Min

Severe uncertainty reasoning @
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Minimax regret vs maximin

Consider the following case:

X1 - X9 Xio0 | R*(a) E(aj)
ay 10 --- 10 1 1
Ra)| 0 -~ 0 1 1
ao 2 - 2 2 2
R(z)| 8 - 8 0| 8
Min 1 2

e Maximin: a»
o Minimax regret: ay

Severe uncertainty reasoning @
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Minimax regret and irrelevant alternatives

Before: R>ge D>pge S

Now | get (A)nti-pumal

L P C O] Re(a)
R 7 -3 3 5
Re(R)
S -10 4 4 11
Re(S)
D -5 -5 5 7
Re(D)
A -15 15 -2 0
Re(A)
Min

After Ais possible:

Severe uncertainty reasoning @
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Minimax regret and irrelevant alternatives

Before: R>ge D>pge S

Now | get (A)nti-pumal

L P C O|Re(a)
R 7 -8 3 5
Re(R) 0 18 2 6 18
S -10 4 4 11
Re(S) 17 11 1 0 17
D -5 -5 &5 7
Re(D)| 12 10 0 4 12
A -15 156 -2 0
Re(A) 22 0 5 11| 22
Min 12

After Ais possible: D >pge S >pe R >Re A (Change on preferences not
involving A)

Severe uncertainty reasoning %
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Complete ordering: summary

o Minimax=pessimistic [29]

o Maximax=optimistic

o Hurwicz=in-between [1]

e Savage=Minimizing felt regret [24]
Whatever the chosen rule, we always get one optimal action. But we
need to commit to a peculiar behaviour.
What if DM does not want to commit to peculiar behaviour?

What if DM wants to only know the actions that are potentially optimal,
given our uncertainty?

Severe uncertainty reasoning %



Decision with extreme cases Ppics SR .
Ignorance, partial orders . heudiasyc

Outline

e Decision with extreme cases
o Probabilities
o Ignorance, complete order
o Ignorance, partial orders

e Decision with belief functions

e Overview of other (advanced) topics

Severe uncertainty reasoning @ " ut




Decision with extreme cases Decision with belief functions Overview of other (advanced) .
heudiasyc

Probabilities Ignorance, complete order Ignorance, partial orders

Lattice ordering

e Say that ax > a, if E(ax) = E(a,) and E(ax) = E(a)

L P C O|Ka) Ea) @ G
R 7 -8 8 5 -3 7
S| -10 4 4 11| -10 11 (o)

D -5 -6 65 7| -5 7

Only existing dominance is D by R, hence only D is considered
non-optimal

e Can be seen as a robust Hurwicz (considering all a as possibilities)
e Note that with this criterion, we eliminate the best action in state C
e This rule looks good, why should | not use it?

Severe uncertainty reasoning %
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Information-monotonic preferences
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A (partial) decision rule is information monotonic if gaining more
information can only refine our current preferences

Definition for imprecise information

A decision rule = is information monotonic if for any pair of actions a, b
and for E' < E, we have

(E= a=b) = (E' = ax=b),

meaning that the preference relation can only be refined by getting more
precise

Severe uncertainty reasoning %
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Lattice ordering and information monotonicity

Severe uncertainty reasoning @

Xt X x3 x4 |E(a) E(a)

a 10 12 14 15| 10 15

b 13 11 16 14| 11 16
b>a

All states possible
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Lattice ordering and information monotonicity

¥ xo x3 x| E(a) E(a)

a 0 12 14 15| 12 15
3 11 16 14| 11 16

o

b><a
We learn (gain info) x; impossible

a and b becomes incomparable.

Severe uncertainty reasoning @
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* xo % xa|E(a) E(a)
a +9 12 4+4 15 12 15
b +3 11 46 14 11 14
b<a

We learn (gain info) x3 impossible

ais now preferred to b.

Severe uncertainty reasoning @
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A (partial) decision rule refines Pareto if it ensures that its preference
order refines Pareto dominance

Definition for imprecise information

A decision rule > refines Pareto if for any pair of actions a, b
apb = ax=b,

where =p is Pareto dominance

Severe uncertainty reasoning %
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e Say that ax >p a, if E(ax) > E(ay)

nce, complete order

Interval dominance

Ignorance, partial orders

L P C O|Ka) Ea)
R 7 -3 3 5| -3 7
S| —10 4 4 11| -10 11
D -5 -6 5 7| -5 7

e no dominance at all
e overcautious criterion — may retain Pareto-dominated solutions

Severe uncertainty reasoning @

heudiasyc




Decision with extreme cases Decision with belief functions Overview of other (advanced)

Probabilities Ignorance, complete order Ignorance, partial orders

Interval dominance: drawback example

heudiasyc

o We add a fourth possible action Pe=Pet the animal

® ©

L P C O|Ka) Ea)

R| 7 33 5| -3 7
S| —10 4 4 11| -10 11 @
p| -5 55 7| -5 7

Pe| -5 -5 2 -5| -5 2

e no dominance, all intervals intersect
e even if D better (sometimes strictly) than Pe in every situation!

Severe uncertainty reasoning %
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Difference dominance

e Say that ax =p ay if ak(x;) —ar(x;) = 0 for all x; (> if >0 for at least

one Xx;)
L P C O
Al 7 53 s (r) (o)
S -10 4 4 11
D -5 -5 5 7 @
R-S 17 -7 -1 -6

e no dominance at all, again
e do we have the same problem as with interval dominance?

Severe uncertainty reasoning %
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Difference comparison

o We add a fourth possible action Pe=Pet the animal

L P C O
R 7 -3 3 o @
S -10 4 4 11
D 5 -5 5 7
Pe -5 -5 2 -5 Q e
D-Pe 0 0 3 12

e In the ignorance case,

Severe uncertainty reasoning @

exactly Pareto ordering!
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So far...

Options when true state of the world completely unknown:

o Complete ordering/one top recommendation
o Maximin: pessimistic DM
o Maximax: optimistic DM
o Hurwicz: attempt to in-between
o Regret minimax: pessimistic DM w.r.t. regret

o Partial ordering/multiple recommendations reflecitng lack of

knowledge

o Lattice ordering: robust hurwicz, may miss potentially optimal actions
o Difference dominance: will keep every non-Pareto dominated solution

o Interval dominance: very conservative, may keep Pareto dominated
options

Severe uncertainty reasoning %
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A summary of the different rules

Property >Mm >MM >R >H@) L >D >ID
Complete v v v v X X X
Reco possibly optimal x* v ooox* X' v v v
Guaranteed value v X v X N.A. NA. NA
a>bdependsonlyonab | v v X v v v v
Refines Pareto v v v v v v X
Information monotonic X X X X X v v

We also have >; < >p < >p, going from the most precise to the least

* Not guaranteed to be.

Severe uncertainty reasoning %
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From ignorance to set-valued decision

e Consider set E and action a
e We can associate to E a worst case

EE(a) = inf a(x)

- xeE

e We can associate to E a best case

E (a) =supa(x)

xeE

Severe uncertainty reasoning @
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From sets to belief functions

o Consider a belief function m: 2% — R and action a
e We can associate a worst-case evaluation

E"(a)= ). m(E)EF(a)= Y. m(E)infa(x)
Ec% Ec% xeE

e We can associate a best-case evaluation

a)= Y mE)E (a)= ¥ m(E)supa(x)

Ecx Ecx XeE

o Probabilistic interpretation: considering Bel/PI from m, we define
@M ={P:VA Bel(A) < P(A) < PI(A)}

and we do have

E™(a)= inf EP(a), E (a)= sup EP(a)
- pe&m pegpm
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Previous decision rules adaptation [6]

In general, replace E by upper expectation B E by lower expectation E”
Total order

o Maximax: a=ym bif E" (a)=E " (b)

e Maximin: a=ym bif E"(a) =E™(b)

o Hurwicz: a=, bif aE " (a)+(1—a)E(a) = aE " (b)+ (1 - a)E(b)
Partial order

o Interval dominance: a>p bif E"(b) <E™(a)

o Lattice: a>; bif E"(b) <E " (a) A\E™(b) <E™(a)

o Difference dominance: a>p bif E"(a—b)=0

— they suffer from same pros/cons discussed in the case of ignorance.

Severe uncertainty reasoning %
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Back to Ellsberg

9 balls, 3 are reds, 6 remaining are either yellow or black

A B
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 0% 0% 100 $ 0%

C D
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 100% 0% 100 $ 100%

o What are the possible probability values? In terms of bounds over
each colour?

o Compute the lower/upper expectations for each act

e What kind of comparison explain the most frequent behaviour A= B
but D= C?

Severe uncertainty reasoning %
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Back to Ellsberg

9 balls, 3 are reds, 6 remaining are either yellow or black

A B
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 0% 0% 100 $ 0%
C D
R(ed) | B(lack) | Y(ellow) R(ed) | B(lack) | Y(ellow)
100 $ 0% 100$ 0% 100 $ 100%

o m({R}) =1/3, m({B, Y}) =2/3
o E™(A)=E"(A) =100/3, [E"(B),E"(B)] =[0,200/3]

e [E™(C),E"(C)] =[100/3,100], E"(D) = E" (D) = 200/3
e Maximin: D> C =~ A> B, Lattice: A><B, C><D

Severe uncertainty reasoning %
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An example of belief function, finally!

Set of labellers replying between
oL(ioness) oP(uma) oC(at) oO(celot)

e 20% reply {L, P} — m({L, P})=0.2

10% reply {L, P, O} — m({L, P, O}) = 0.1
15% reply {C, O, P} — m({C, O, P}) =0.15
10% reply {L} — m({L}) =0.1

40% reply {L,P,C, 0} — m(#) = 0.4
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Back to our issue: example of some rules (not all)

Is R better than S, or the other way around?

‘ L P C O e m({L,P})=0.2
e m(iL,P,0}) =0.1
Run 7 -3 3 5 e m({C,0,P})=0.15
Shout |-10 4 4 11 e m({L})=0.1
Do nothing| -5 -5 5 e m(#)=04

Evaluation: averaging utility + attitude (pessimist/optimist/robust)
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heudiasyc

Back to our issue: example of some rules (not all)

Is R better than S, or the other way around?

'L P C O e m(iL,P}) =02
e m({L,P,0})=0.1
Run 7 -3 3 5 e m({C,0,P})=0.15
Shout | -10 4 4 11 e m({L})=0.1
Do nothing| -5 -5 5 e m(#)=04

Evaluation: averaging utility + attitude (pessimist/optimist/robust)

E(Run):O.Zx—3+0.1 x—-3+0.15x-3+0.1x7+04x-3=-2
E(Shout) =0.2x -10+0.1 x-10+0.15x4+0.1 x-10+0.4x -10=-7.9
Seems better to Run than Shout
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heudiasyc

Back to our issue: example of some rules (not all)

Is R better than S, or the other way around?

‘ L P C O e m({L,P})=0.2
e m({L,P,0})=0.1
Run 7 -3 3 5 e m({C,0,P})=0.15
Shout | -10 4 4 11 e m({L})=0.1
Do nothing| -5 -5 5 e m(#)=04

Evaluation: averaging utility + attitude (pessimist/optimist/robust)

E(Run)=02x7+01x7+0.15x5+0.1x7+04x7=6.7
E(Shout):0.2x4+0.1 x11+0.15x11+0.1x-10+0.4x11=6.95
Seems better to Shout than Run
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Back to our issue: example of some rules (not all)

Is R better than S, or the other way around?

‘ L P C O e m({L,P})=0.2
e m({L,P,0})=0.1
Run 7 -3 3 5§ e m({C,0,P})=0.15
Shout | -10 4 4 11 e m({L})=0.1
Do nothing| -5 -5 5 e m(#)=0.4

Evaluation: averaging utility + attitude (pessimist/optimist/robust)

[E(FfunLE(Run)] =[-2,6.7]
[E(Shout),E(Shout)] = [-7.9,6.95]
Not entirely clear what is the best (as Puma and Lion are both likely)
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A generalised parametric rule

e Consider for each (focal) set E values 5,yF € [0, 1] with

as pessimism/optimist degrees
e Compute

Z m(E)peE" (a)+ (1 - Pe)E (a)

E'(a)= ; m(E)yeE (a)+(1-ye)E5(a)

e a=PY pifand only if

heudiasyc
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Retrieving standard rules

This form includes as extremes the following rules:
o Hurwicz with parameter a: =y =«
o Lattice: =0,y =1
o Difference dominance: minimax on act difference
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Any theoretical insight?

This rule or similar instances have been axiomatised in different works:
o by Jaffray with a VNM-style argument [19]

e by Shenoy and Denoeux with a VNM-style argument [8] using
Dempster’s rule

e by Zhou and colleagues using an Anscombe-Aumann setting [30]
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A (very) short note on Pignistic rule

o Take the pignistic transform Betp of m
o Use EB€P to make your choice

Initially proposed by Smets [25], it is also a specific case of the
axiomatisation proposed by Eichberge and Pasichnichenko [12] in
economy, and it is consistent with some previous rules:

o Will not be dominated by Difference dominance

o Corresponds to a specific choice of £ = yF returning for each focal
set the average expected utility
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Outline

e Decision with extreme cases
e Decision with belief functions

e Overview of other (advanced) topics
o Other decision rules
o Sequential decisions
o Decisions with multiple agents
o Decisions with multiple criteria
o Decision in combinatorial spaces
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Outline

e Decision with extreme cases
e Decision with belief functions

e Overview of other (advanced) topics
o Other decision rules

> Sequential decisions

> Decisions with multiple agents

o Decisions with multiple criteria

o Decision in combinatorial spaces
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Other decision rules Sequential decisions Decisions with multiple agents Decisions with multi@

Stochastic dominance

Assumptions and definitions

e States can be arranged from "worst" to "best" linearly
e For action a; and each state x, we can estimate Fi(x) = P(] — oo, x])
Then a; stochastically dominates a; (a; >gsp a)) if Fi(x) < Fj(x)
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Other decision rules Sequential decisions Decisions with multiple agents Decisions with multi@

Why stochastic dominance?

States (often R)

e a;>sp a = [E(a;) = E(g;) for any increasing utility over &
e Can be seen as a robust version of expected utility
e Only require to be able to rank states (no numbers necessary)

For extensions to belief functions and imprecise CDF, look at [5, 22, 3]
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Statistical preference

Assumptions and definitions

o Utilities can be compared with each other (ordered)
e Each action/state is given a (comparable) utility grade
Then a; is statistically preferred to g; if P(a; = a;) 20.5

p(x3) =0.1,p(x2) =0.7,p(x1) = 0.2

Xq X2 X3
a; high high low
a; low  very high very low
la;>g; 1 0 1

P(aj=aj)=0.7 = g; stat. preferred to g;

BF extension to be studied? Yet works on making it imprecise [21, 2]
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Statistical preference and transitivity

Two players play the following game. Player 1 erases the spots from the
faces of three fair dice and writes one number from 1, 2,..., 18 to each
face. Each of them risks 1 euro, chooses one dice, they throw the dice,
and the one having the bigger number on top of his dice wins the 2
euros. Since Player 1 puts the numbers to the dice it seems fair to let
Player 2 choose his dice first. Of course, Player 2 tries to choose the
best dice. Despite this, Player 1 wins in the long run.

How can that be?
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The dice transitivity problem [4]

Consider the following numbering of the fair Dices A, B, C

e A={1,3,4,15,16,17}
B={2,10,11,12,13,14}
C=1{5,6,7,8,9,18}

Assuming that dices are thrown independently, show that we have

P(A>B)>%, P(B> C)>%, P(C>A)>1§,

or, in other words, a cyclic statistical preference.
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Outline

e Decision with extreme cases
e Decision with belief functions

e Overview of other (advanced) topics
o Other decision rules
o Sequential decisions
o Decisions with multiple agents
o Decisions with multiple criteria
o Decision in combinatorial spaces
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Some elements

in h?é)amrg ok

Some additional issues:
e Dynamical consistency [15]
e Action=policy — potentially
huge space to explore
Not that "much” research on belief
function + sequential problems, at
least algorithmically@?

4N.B.: Evidential deep reinforcement
learning is usually NOT about belief function
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Outline

e Decision with extreme cases
e Decision with belief functions

e Overview of other (advanced) topics
o Other decision rules
o Sequential decisions
o Decisions with multiple agents
o Decisions with multiple criteria
o Decision in combinatorial spaces
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Game-theory and belief functions

reddiasye

Prisoners'
dilemma D
confess

remain
silent

Some works touching upon that:

5| | =g
30— =0

confess e Generic game-theory [11, 23]
vS \w/ g e Coalitional/cooperative
W games [17]

5years 5 years (t Oyear 20years

e Other kind of games
(Stackelberg, ...) — work to be
done?

prisoner A

remain
silent a\’,

20 years 0 year L | year 1 year

©2010 Encyclopzedia Britannica, Inc.

—
30—
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Outline

e Decision with extreme cases
e Decision with belief functions

e Overview of other (advanced) topics
o Other decision rules
o Sequential decisions
o Decisions with multiple agents
o Decisions with multiple criteria
o Decision in combinatorial spaces
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Multi-criteria decision

e Many works on combining BF
and TOPSIS, AHP, ... [14, 10]

e Some generic works on

[ e | o ] preferences [7, 9]
A:t“ :. mﬂ e Largely unexplored topics:
2 — - e eliciting preference models with
: T 1 uncertain opinions, preference
e models using logic-based

language (CP-nets, weighted
logic)

e Also connected to
multi-objective optimisation [20]
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Outline

e Decision with extreme cases
e Decision with belief functions

e Overview of other (advanced) topics
o Other decision rules
o Sequential decisions
o Decisions with multiple agents
o Decisions with multiple criteria
o Decision in combinatorial spaces
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Optimisation and uncertainty

e Probabilities=stochastic
optimisation
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Combinatorial optimisation

Optimisation and uncertainty
e Probabilities=stochastic
optimisation
e Interval + Minmax=robust
optimisaton




Decision with extreme cases Decision with belief functions Overview of other (advanced)

Other decision rules  Sequential ons Decisions with multiple agents D

Combinatorial optimisation

Optimisation and uncertainty
e Probabilities=stochastic
optimisation
e Interval + Minmax=robust
optimisaton

e Belief functions=evidential
optimisation [28, 18, 27]

e Alternative= one feasible solutions
e In theory, any rule applicable

e But listing alternatives impossible
in real-life size problems
(combinatorial explosion)
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